A simple procedure is provided to write the equations of motion of controlled mechanical systems with constraints as controlled Hamiltonian equations with respect to a "Poisson" bracket which does not necessarily satisfy the Jacobi-identity. Based on the Hamiltonian form a stabilization procedure is proposed.
Introduction
In a recent paper we have shown that (uncontrolled) mechanical systems with classical constraints can be written as Hamiltonian equations of motion with respect to a generalized type of Poisson bracket, and with respect to a Hamiltonian which is obtained by restricting the internal energy to the constrained state space. This bracket does not necessarily satisfy the Jacobi-identity, which is one of the defining properties of a true Poisson bracket. In fact, the Jacobi-identity is satisfied if and only if the constraints are holonomic. This work was motivated by a paper of Bates & Sniatycki [3] on the Hamiltonian formulation of nonholonomic systems, as well as by our previous work on the Hamiltonian formulation of non-resistive physical systems by network modelling [SI, [9] .
In the present paper we extend this set-up to controlled nonholonomic mechanical systems. Furthermore we show how the Hamiltonian form of the equations (the Jacobiidentity being satisfied or not) may be used for stabilization purposes. Indeed we show how the stabilization procedure for standard Hamiltonian control systems as proposed in (141, [ll] , see also [5], can be extended to this case. These considerations were very much motivated by the papers (21, [4] on stabilization of controlled nonholonomic systems. We close with our treatment of two well-known simple examples of nonholonomic systems, discussed before in [2] .
2 The Hamiltonian formulation of systems with constraints 1,t.t Q be an n-dimensional configuration manifold with lo- cal coordinates y = (yl, ' . . , q n ) . Consider a smooth La- 
with [ X , Y] the Lie-bracket, defined in loca: coordinates q
, with 2 , the Jacobian matrices. In this case we may find, by Frobenius' theorem, local coordinates t j = (GI,. ' . , qn) such that the constraints (2) are expressed as
or equivalently qnn-k+l = Cn-k+l,. . qn = c, for certain con- 
where B(q)u are the external forces (controls) applied to the system, with B(q) an n x m matrix with entries depending smoothly on z. Here % denotes the column vector (e,. . . , E)T, and similarly for $$ and subsequent expressions. The constraint forces A(q(t))X(t) are determined by the requirement that the constraints A*(q(t))q(t) = 0 have to be satisfied for all t . Defining in the usual way the Hamiltonian H ( q , p ) by the Legendre transformation Similarly, for any one-form a on T'Q we may define the "Ilainiltonian" vectorfield 2, as
where ( 
where U(.) is the matrix with columns Z,I,. . . , z , k , and b ( r ) is the matrix with columns Zpl , . . . , Z p .
The Lagrange multipliers X may be computed by differentiating A * ( q ) F ( q , p ) = 0 along (S), i.e.
[ @ 4 % ) g % , P ) ) ] * g%?,P) + A%@(q,P).
[ -g + P )
with the Hessian matrix with respect to p . This equation may be solved for X (as function of q,p,u) as long as which condition is obviously satisfied because of our standing assumptions (1) and rank A(q) = k. Expressing X as a function of (q,p,u) and substituting in (8) then leads to the dynamical equations of motion on the constrained state space As shown in [15] a much more efficient and insightful way of obtaining the equations of motion on X, is however the following. Since rank A(q) = k , there exists locally a smooth J, on X,. An explicit expression for J, is obtained as follows [15] . Denote the i-th column of S(q) by Si(q) , then
where p is expressed as function of q , i , with fi satisfying 3 = 0. Note that rank J, = 2(n -k) everywhere on X,.
Furthermore, define the reduced Hamiltonian H, : Er + R as H ( q , j ) with fi satisfying 3 = 0.
Clearly, ( q , j j l ) serve as local coordinates for X,. It immediately follows from (19) by disregarding the last equations involving A and noting that g(q,lj) = 0 that the dynamics on X, in coordinates ( q , j') are described as 
However, in [15] it has been shown that {,}, satisfies the Jacobi-identity (and thus is a true Poisson bracket) zf and only zfthe constraints AT(q)q = 0 are holonomic! This underscores the difficulties of nonholonomic constraints. On the other hand, even if the Jacobi-identity is not satisfied (as -in the case for nonholonomic systems), the (pseudo-)Hamiltonian format (21) may still be useful, as we wish to indicate in the next section. Note that our approach is not unrelated to the approach taken in [4]. Were the Lagrange multipliers X in the EulerLagrange equations (6) a.re eliminated by premultiplying the equations (6) by the matrix S T ( q ) , and it is shown tha.t the thus reduced equations can be written as a set of first-order differential equations in q a.nd 7 E R"-k with ci = S ( q ) q parametrizing the admissible velocities 4. This can he rega.rded as the "Lagrangian counterpart" of our IIamiltonian approach. this manner a function v such that V + V has a strict minimum in qo, then fir will have a strict minimum in (qo, 0), and thus the additional feedback (2S), with U replaced by v, will further stabilize the system. The resulting combined feedback is then given as
with & ( q ) solviiig (92).
'The treatment of [2] . [SI coriespoiids to the special case that B,(q) has raiik ni = n -k . I n this case equation (32) is solvable for every function V ( q ) , and thus the potential energy can be shaped in an arbitrary fashion. Therefore, for H , given by (31), every point (q0,O) E Er can be rendered a Lyapunov stable equilibrium by a feedback (34). Note furthermore that in this case the largest invariant (with respect to (27)) set contained in (30) is actually given as 
Conclusions
We have shown, as an extension to [15] , that the equations of motion of controlled mechanical systems with constraints may be directly formulated as Hamiltonian equations of motion with respect to a bracket which for nonholonomic constraints does not satisfy the Jacobi-identity, and with respect to a reduced Hamiltonian which is obtained by restricting the total energy to the constrained state space.
Like for ordinary Hamiltonian control systems a stabilization procedure has been proposed, based on the use of the reduced Hamiltonian as a candidate Lyapunov function. However, since Brockett's necessary condition is not sat,isfied, this will only result in Lyapunov stability, whereas asymptotic convergence is to a non-trivial invariant set. The main challenge is to investigate how the Hamiltonian structure may be used for asymptotic stabilization, in which case discontinuous or time-varying feedback is needed ([2], 141).
